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Starting from a characteristic biinvariance property of Higgs potentials in gauge 
theories with nonunitary parallel transporters, we explain how quarks of different fla- 
vor can acquire different masses by spontaneous symmetry breaking and what is the 
difference between colour and flavor. We present a gauge theoretic model where the 
Cabbibo-Kobayashi-Maskawa matrix becomes computable in principle. The model 
lives on a five dimensional space time with two four dimensional boundaries R and L 
a small distance d apart. Right handed quarks and leptons live on R and left handed 
quarks and leptons on L. Photons can propagate in the bulk, ee- and deep inelastic 
eN-scattering at energies > dr 1 will be affected. 
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Parallel transporters (PT) are of fundamental importance in gauge theory. In particular, 
lattice gauge fields are parallel transporters along links < x, y > of a lattice; they are unitary 
maps between vector spaces at x and y. Priistel and Mack [l| proposed to abandon unitarity 
as a general requirement. In this way, the tetrads of general relativity can be interpreted as 
parts of gauge fields, and Higgs fields can be interpreted as parts of PT in extra directions. 
The proposal was motivated by a unified theory of complex systems [2] and by the fact 
that in discrete calculus and geometry |^|, unitarity is not a natural requirement. Starting 
from an ordinary gauge theory with unitary PT, real space renormalization group (R.G.) 
flow may require the introduction of nonunitary PT's $ because the attempt to integrate 
out their selfadjoint factors (which multiply unitary factors in their polar decomposition) 
may lead to nonlocality. This mechanism matches with ideas expressed in the context of 
deconstruction j^]. In theories with nonunitary PT there is a holonomy group H which is 
larger than the unitary gauge group G C H, and $ e H. Only G is a local symmetry, but 
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matter fields must form representation spaces of H. 

In our model, the irreducible representations of H remain irreducible when restricted to 

G. 

A 1-dimensional model with computable RG-flow was studied by two of us and illustrates 

n 

the principles p|. When the PT <3> becomes nonunitary, there appears a Higgs potential 
V($). Under local gauge transformations g(-) G G, PT $ = (p(x,y) i— > g(x)4>(x,y)g(y)~ 1 . 
Gauge invariance implies therefore that V is G-biinvariant in the sense that 

V( Ul $u 2 ) = V{$) (1) 

for all u±, u 2 G G. 

Here we propose a model which exploits these features to explain the origin of the splitting 
of the masses of quarks of different flavors. The consideration of some aspects of leptons is 
left to a separate study, as are GUTs and questions of supersymmetry. 

Quarks of the same weak hypercharge but belonging to different generations are in the 
same irreducible representation space of H, and their masses are determined by minima 
of V($>). If the theory is an ordinary gauge theory to begin with and the nonunitary PT 
and their potential V appear only as a result of a RG-flow, then the quark mass ratios are 
computable in principle (as functions of gauge coupling constants). V possesses a discrete 
symmetry, and quark masses split if this symmetry is spontaneously broken. 

The model lives on a 5-dimensional space time, called bulk, with two four dimensional 



and the 



boundaries R and L. Spaces of this kind may appear as a result of orbifolding 
boundaries may be branes of some kind, but we need not commit ourselves on that. 

Right handed quarks q^ = (ur, cr, £r) and q R = (d,R, sr, 6r) and all right handed leptons 
live on R and lefthanded quarks qi = (cIl,ul; SL,CL',bL,ti) and left handed leptons live on 
L. There may be Dirac fermions in the bulk, presumably equally many as there are chiral 
fermions on the boundaries. 

The assignment of fermions to boundaries is compatible with the action of the Pati-Salam 
subgroup SU{A) C x SU{2) L x SU(2) R of the GUT group 50(10), but not with the action 
of 5*0(10) itself. One may speculate that at scales shorter than the GUT scale, .SO (10) is 
an unbroken local symmetry of the bulk and light fermions migrate to the boundary when 
SU(2)l x SU(2)r breaks in the bulk, surviving temporarily on the boundaries. Our model 
is supposed to be valid at still larger scales, where SU(2) R is also broken on R. Migration 



of modes from bulk to branes has been discussed in the literature 

The unitary gauge group Gr of R is U(l) x SU(3) C (weak hypercharge and colour). It 
is shared by the bulk and by L. Since the photon interacts equally with righthanded and 
lefthanded quarks and mediates interactions between them, we need an abelian gauge field 
which propagates in the bulk that separates them. In the following we will disregard colour 
(except for a comment at the end on the possibility of admitting nonunitary trans-bulk 
colour PT). The elements ur = e 1 ^^ of Gr are then parametrized by an angle $ and act on 
right handed quarks according to 
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u u R I \ e 2 ^ 3 

and on left handed quarks as ^ £lCur)<Z.l, t L {ur) = e" 5 / 6 , as in the standard model. 
There will be no massless modes other than photons as we shall see. 

The unitary gauge group of L is Gr x G l , with Gl = SU(2). Gl acts on left handed 
quarks as in the standard model. It consists of matrices 



Mill U 12 l 

U 2 ll u 22 l 

where 1 is the 3x3 unit matrix. 

The unitary gauge group of the bulk is G R x G, G = G D x G u = SU{3) x SU(3) or 
5*0(3) x SU(3) or SU(3) x SO (3). We do not know which of the two different groups is 
associated with U or D. The elements of G are unitary 6x6 matrices of the form 

(3) 

At the level of effective theory, the PT $ in the bulk are nonunitary, and are elements of 
the bulk-holonomy group G R x H, with H = ~R*H D x ~R*H U , where H D = SL(3, R) or 
SL(3, C), H u = SL(3, C), or the other way round. R*if D consists of positive-real multiples 
of matrices in H D . PT's $ have the form $ = diag(p D (j) D u R , p U (j) u u R T ) with <ft D G H D etc. 
, u^ U as in eq.©, and p D ,p u G R. 

If H has two factors, there will be two additional gauge coupling constants go, gu- 
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At least one of the two groups G D , G u needs to be a group of complex matrices. Oth- 
erwise there will be no CP- violation. The choice of two different groups would make it 
understandable why the mass splittings in the D-family and in the [/-family are different. 

The salient feature of the model is that the elements of Gl and of G can both act on 
qL but do not commute. As a result, the local G-invariance is broken by the L-boundary. 
This symmetry breaking is responsible for the appearance of a Cabbibo-Kobayashi-Maskawa 
(CKM) matrix. It would appear that also the G^-invariance on L is broken by interaction 
with the bulk. But it turns out that this is just the customary Higgs mechanism. How the 
standard model's Higgs doublet emerges when one passes to a G^-covariant description will 
be seen below. 

Let us now imagine that real space renormalization group transformations have been 
applied to the theory in the bulk until a lattice spacing in the fifth direction has been 
reached which equals the width d. Let us assume that d is so small that the gauge theories 
on the boundaries can be discretized to lattice gauge theories with lattice spacing d and 
with appropriate coupling constants without further ado, using appropriate - e.g. domain 
wall - lattice Dirac-Weyl operators. The resulting effective theory will describe the physics 
at distances » d. Except for the G-symmetry breaking by the L-boundary, it is a defect 
model of the type examined in ref . jsl E| . It was shown in ref . that the plaquette term 
is a kinetic term for the Higgs and possesses a natural differential geometric meaning. The 
effective theory lives on a lattice with links connecting sites (x, R) on R and (x, L) on L, as 
shown in figure ^ We write x in place of (x, R) or (x, L) when it is clear from the context 
which site is meant. We denote by $(x) the parallel transporter across the bulk along the 
aforementioned link. 

Since the RG-transformations must preserve locality, the RG-calculation can be per- 
formed to a good approximation in a 5-dimenional theory with oo extension in the 5-th 
direction. Therefore the emerging Higgs potential for $ = diag(p D (f) D , p u 4> u )tu(uii) e 

H x Gr, will be G-invariant and independent of the factor tn(uji) G Gr. Therefore it has 
the G-biinvariance property (JTJ). 

Apart from standard lattice gauge theory terms on the boundaries there will be the 
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following terms in the effective action S, 

S* = ^{g R (x)$(x)g L (x) (4) 

X 

-J2 tr 9~ 2 ( P m - $ ( x )* $ ( x )) + V($)} + h.c. 
= $(x)*^(^(x))$(x + p)t L (u R ^x, L))*u L ^yi)* 

plus lepton mass terms, where ft is the lattice vector in /x-direction on R or L, and g~ 2 = 
diag(gp 2 , g^ 2 ). The expression involves PT u Rfl , u Lil in /z-direction on R and L besides PT 
$. The P M -term will be called the plaquette term for short (p = 0...3). 

It turns out that the plaquette term is G-invariant. The only terms in the action which 
are not G-invariant live on L, viz. X]<?l( x + f t )l^" u L f i(^-)*QL(^-), plus a similar term for 
leptons. Our groups are such that elements of H D can be factored as 

<P D = A D R *d( V D )A D L 

with A 1 ^, A® G G D , and similarly for (f> u . Here 77 = (771,772,773) £ t lives on the plane 
= 0, Vi real , and 

d(rj) = diag(e r '\e V2 ,e r ' 3 ). 
Because of G-biinvariance, V does not depend on the A-factors, whence 

V(<S>)=V(p D ,p u ; V D ,v u ). (5) 

Diagonal matrices d(i]) make up the completely noncompact Cartan subgroup T D of H D 
and T^of H u . To every permutation n of {1, 2, 3} there exists G G D such that 

w v d(ri)w* = d(nrj), (6) 

where 77(771, 77 2 , 773) = (77^1, 77^2, i] n3 ), and similarly for T u . It follows from G-biinvariance that 

V(p D ,p u ;nr ] D ,n>r ] u )=V(p D ,p u ;r ] D ,r ] u ). (7) 

Pairs (w n , «v) form the Weyl group W t of the Lie algebra t of T = T D x T 17 ; it is a discrete 
group of symmetries of V. The symmetry comes from G-invariance. Minima of V form orbits 
under W t . These minima will determine the quark masses. The symmetry is spontaneously 
broken if the orbit contains more than one point. If it is completely broken then the quark 
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masses {m^, m s ,m{,} are all distinct, and so are {m u ,m c ,m t }. This is the situation in the 
real world. If (pff, Pq]7] d , tj u ) is the minimum with < rj® < T)^ etc., then 

D rP D n D D n D 

m d = p^e^ , m s = p^e^ , m b = ptfe v * , 
m u = poe v ", m c = p%e r K, m t = p^e v ". 

From the action S of eq.pjl. we recover a discretized version of the standard model under 
the assumption that fluctuations of <&(x) away from a x-independent value may be ignored 
except for fluctuations of p u / p$ and p D / p® around 1. In particular, the first term in 
the action eq.(UJ) produces quark mass terms. The factors A R ' U can be transformed away. 
Writing q L = (gf , q%) T , 



q R (x)Hx)q L (x) = q R (x)m D q°' (x)p D (x)/p^ 
+q R (x)rn U q U L , (x)p U (x)/p% 

with q®' = A^q®, q 1 ^ = A^qY, and mass matrices = diag(md,m s ,mb) etc.. 

The masses are determined by the minima of V(<&). We will see later how A®' U acquire 
definite values modulo action of the unbroken symmetry Gdiag — G D H G u . The lattice 
gauge field «r(x) e U(l) attached to the links across the bulk can be gauged away, and the 
minimization of the w#-factor in the plaquette term constrains 

u R (x,R,p)=u R (x,L,p). (8) 

There will be fluctuations away from this equality. They are described by a neutral massive 
vector boson Z' with lattice field w^x) = Wr(x, R, p)w R (x, L, ft)* . It is massive because a 
real multiple of the trans-bulk PT wr(x) acts as a Higgs field for it. 

After these fixations, the effective action reduces to a 4-dimensional effective action which 
is a lattice approximation of the standard model action in unitary gauge, except that the 
gauge group is SU(2) l x U(l) l x U(1)r, which is broken by a Higgs doublet <p and a complex 
scalar Higgs singlet £. Accordingly there is a neutral massive vector meson Z' besides Z, 
and a second Higgs particle (if it is not too heavy). Write 

p D (x) = a(x)p(x) , 
^(x) = a 2 (x)p(x) . 

p and a are what remains of <p and £ in unitary gauge. 



7 



The gauge fixing can be undone as follows. Introduce an interface g(x) G SU{2) between 
bulk and L-boundary, fixing it at 1 initially, and replacing $(x) by $(x)g(x). The action is 
now invariant under Si7(2)-gauge transformations v (x) which act on qi and ul^ as usual, 
and which take g(x) i— > g(x)t>(x)*. Because of S'[/(2)-gauge-invariance, we may integrate 
over g(x). Given g(x) and p(x) define the Higgs doublet field <p( x ) = p( x )^( x ) as follows. 
To every g G SU(2) there is a complex 2- vector ip of unit length such that g = L[p] where 
L[(p] G SU(2) is uniquely determined by the requirement that (p = L[p](0,l) T . It obeys 
L[v0] = vL[(p] for v G SU(2). Integrating over y?(x) is equivalent to integrating over g(x) 
and p(x). The extra complex Higgs field is £(x) = cr(x)w^(x), whence p D (j) D u 1 ^ = £,4> D p and 

The standard models Higgs potential Vh is given by 

V H (p, cr) = min V(pa, pa 2 ; r] D , 7] U ). 

It depends on two arguments because we have two Higgs fields. By definition, the minimum 
of Vh is at p = po, a = (Jo, where o"o is the vacuum expectation value of £. But beware: 
Conventional Higgs fields differ from our <p, £ by normalization factors. 

In the presence of leptons one needs extra nonunitary PT's. To give mass to the charged 
leptons, one needs a PT </>'(x) G SL(3, C) which enters into the charged leptons mass term 
oc eR(fi l lL- The most economical choice is 

0' = D (9) 

This leads to the phenomenologically acceptable mass relation 

m e : : m T = rrid '■ m s : m& . 

To give mass to neutrinos one needs still another PT (p u and possibly a Majorana mass 
term for right handed neutrinos, in order to invoke the seesaw mechanism. We refrain from 
speculating what might be. 

We add a comment on colour Because Gr gauge transformations on R and L are 
independent, there is a colour group SU(3) c l x SU(3) c r to begin with which is broken to 



the diagonal SU (3) c because the SU (3) c 
it. As a result there will be an axigluon 



actor in the cross-bulk PT acts as a Higgs field for 



3- 

Let us consider the possibility of admitting nonunitary cross-bulk colour PT x(x) in a 
noncompact colour holonomy group H c which substitutes for the factor SU(3) C multiplying 
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H . x enters as a factor in $. Therefore V(<&) depends on it. It is a complex 3x3 matrix 
and admits a decomposition \ — ru\d(r) c )u2 with u\, u 2 G SU(3) C ; let us assume that the 
factor r is real. Under a gauge transformation (v\, v?) G SU (3) c x SU (3) c , x l— > ^lX^I- If the 
symmetry is to be broken down to the diagonal subgroup, the minimum of V, considered as 
a function of x, must be at r\ c = 0, i.e. d(r) c ) = 1 and x G H*SU(3) C . The expectation value 
of the factor r, which occurs in the hadronic PT (p D but not in its leptonic brother will 
determine the ratio between charged lepton masses and D-quark masses if the economical 
choice © of the leptonic PT is adopted. 

In conclusion, consider V as a function of r\ in the noncompact Cartan subalgebra t of 
LieH. The difference between colour and flavor is that the orbits of the minima of V under 
the Weyl group W{ of t are trivial for colour and nontrivial for flavor. In other words the 
W^-symmetry is spontaneously broken for flavor, but not for colour. 

Let us finally turn to the CKM matrix. Assuming there are really two independent factors 
G D , G u in G, the CKM matrix C could be transformed away if it were not for the breaking 
of G-invariance by the L-boundary. C is therefore not determined by the minima of V but 
could be obtained as follows. 

A^(x) and A^(x) are dynamical fields of the effective theory, because $(x) depends on 
them. Let W(A^, A\) be the effective action for these fields alone obtained by integrating 
out the quark-fields and gauge fields associated with Gr and Gl, as well as A^,A^ and 
the fluctuations of r] D ,r] u and of p D ,p u away from the minimum of V. The quark masses 
determined by minimization of V enter as parameters into W. The CKM field 

G(x) = A£(xK*(x) 

is invariant under global Gdj a9 -transformations, and so is W. The CKM matrix C is de- 
termined by the ground state of the theory with action W. In tree approximation (which 
may be accurate enough or not), it is determined by the minimum of the restriction of W 
to constant fields C; this is a calculation essentially within the standard model. It would be 
interesting to deal with the full effective action by numerical means. 

One may consider more complicated models where higher dimensional spaces with bound- 
aries intersect such that the boundaries' intersections are 4-dimensional. String theorists are 
invited to exhibit suitable branes and predict how much supersymmetry there should be in 
the bulk and on the boundaries. 
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FIG. 1: Effective Theory. Assignment of fermions, unitary gauge- and holonomy groups. Nonuni- 
tary parallel transporters transport across the bulk along the dashed links. 
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